Abstract. The question, how does an organism maintain balance? provides a unifying theme to introduce undergraduate students to the use of mathematics and modeling techniques in biological research. The availability of inexpensive high speed motion capture cameras makes it possible to collect the precise and reliable data that facilitates the development of relevant mathematical models. An in-house laboratory component ensures that students have the opportunity to directly compare prediction to observation and motivates the development of projects that push the boundaries of the subject. The projects, by their nature, readily lend themselves to the formation of inter-disciplinary student research teams. Thus students have the opportunity to learn skills essential for success in today's workplace including productive team work, critical thinking, problem solving, project management, and effective communication.
Introduction
Living organisms are continually in motion: birds fly, snakes slither, worms wiggle and people fidget. Although it would be anticipated that discussions of movement would dominate courses and textbooks in undergraduate bio-mathematics, in fact the topic is seldom mentioned (for notable exceptions see [5, 31, 32, 60] ). One explanation is the misconception that motion is a "solved problem". However, Newton's laws of motion do not describe how motions are controlled and shaped to optimally meet the needs of organisms.
Current approaches to the study of the movements of living organisms emphasize that the brain has a body [13] . This concept implies that movements are controlled by both passive and active mechanisms [16, 34] . Active control describes the contribution of forces that arise from muscle contractions determined by neural motor programs. Passive control describes the effects of forces related to the biomechanical properties of the body and the changing environment in which the movements occur. The problem of determining how much of the control of movement is active and how much is passive is made complex since this relative proportion can change depending on the immediate goals of the organism.
Mathematical modeling forms the foundation for a three-step strategy to investigate the nature of movement control. First, provided that the movement is not too complex, mathematical models based purely on classical mechanics, i.e., a model that ignores both the body and the brain of the organism, can be developed. Much discussed examples include problems related to the flight of a projectile (golf balls, basketballs, baseballs) [2, 64] , racketball bouncing [16] , stick balancing at the fingertip [9, 20, 36] and the searching patterns of organisms [5, 23, 59] . Second, comparisons between prediction and observations invariably show discrepancies. The development of affordable high speed motion capture technologies has greatly facilitated the recognition of these differences. Finally, and this is the fun part, we can use mathematics to identify the nature of the contributions made by the body and brain that account for the discrepancies.
Our impression is that science and engineering undergraduates are overwhelmingly attracted to problems related to movement. Their fascination stems from their interest in fitness and athletics, but also is strongly motivated by issues related to rehabilitation, aging, and more recently, to the restoration of movement by the use of neuro-robotic prosthetic devices (see, for example, [24] ). It is self-evident that an undergraduate initiative which harnesses these student interests would provide a pathway to encourage them to use mathematics in biological research. However, problems related to the description of movement typically require skill sets beyond those attained by typical undergraduate science students. An exception concerns the study of balance and balance control. In Section 2. we describe our team-based research program in motion science. The success of our program is best illustrated through a description of three projects that our faculty-student teams are currently pursuing (Section 3.). The purpose of these descriptions is to emphasize the rich variety of interesting mathematical problems, many yet to be solved, which arise. Overall our efforts provide strong support for the fundamental truth of education, namely, a student motivated to learn will exceed all expectations of their educators.
Motion science program
The motion science program at the Claremont Colleges has evolved over seven years. It was specifically designed to provide opportunities for students and faculty to work together as members of an inter-disciplinary teams [40] . The choice to focus on the area of motion science was deliberate and not based on the prior experiences of the authors. We were attracted to motion science because of 1) the interest of our students in problems related to movement and 2) the ease by which long time series collected with high spatial and temporal resolution can be collected using motion capture technology. The availability of such data greatly facilitates direct comparisons between experimental observations and models based on differential equations. The cost of motion capture systems have decreased dramatically in recent years. Although high speed, high precision commercial motion camera systems remain costly (e.g. Vicon, Opti-Trak, Qualisys), the recent trend has been towards the development of computer software packages that can readily use less expensive digital video cameras for motion capture (e.g. Innovision Systems).
Team-based model
Many different skills are required to conduct research in motion science. This observation suggests a team-based approach to answering questions about human balance and locomotion. Students were motivated to participate through their pre-existing interests in sports, the development of skill and expertise, biomechanics, the prevention of falling in the elderly, and the development of neuro-robotic prostheses for rehabilitation. Consequently we attracted students having a wide range of backgrounds including those who were clinicallyoriented (dance, human biology, martial arts, pre-med) and those who were computationallyoriented (computer science, mathematics, physics, engineering). We leveraged the diverse backgrounds of our students through the formation teams consisting of 2-3 students whose combined skill set spanned the requirements for each project [40] . All members of the research team participated in all aspects of the study at a level determined by their interests and abilities; however, typically mathematically-oriented students took the lead for the development of the model, the laboratory-based students the lead for experimental design and data analysis and the team worked together on comparisons between predictions and experimental observations. Faculty are active members of the team. They worked side by side with the students, often participated in the experiments, and provided the hands-on expertise needed to extend investigations into directions that lie outside the scope of an undergraduate science education. The active involvement of faculty in student research projects is necessary in the setting of a liberal arts college since graduate students and postdoctoral fellows are not available. Moreover the formation of faculty-student inter-disciplinary teams provides educational opportunities to teach students the skills that are most required in the workplace, namely, productive team work, critical thinking, problem solving, project management, and effective communication [40] .
Hands-on research experiences are provided through 8-10 week summer research projects, one semester independent study projects and two-semester senior thesis research projects. Typically it takes 2-3 consecutive team projects, i.e., 2-3 years, to bring the research to a point of publication in a peer-reviewed journal. Continuity is maintained by the faculty, student lab books, and the senior thesis prepared by the students to satisfy their graduation requirements. It should not be surprising that student team members develop a very strong sense of ownership for the project that they work on. Indeed, graduated students typically return the following semester to help train students on needed research skills and to share experiences. Student contributions are recognized in the author list of resulting publications (see, for example, [36, 38, 39, 41, 42] ).
Student preparation
To date 43 students have participated in the motion science program. All of our students have strong interests in motion science. In addition to scholar athletes, dancers and martial artists, approximately 40 % had hands-on experience working in physical therapy settings including the training room. Of the 13 team members who had previous training in differential equations, 7 were mathematics majors and 6 were neuroscience majors. Exposure to delay differential equations is provided through a specially designed course in introductory bio-mathematics (click on COURSES at rebmi.jsd.claremont.edu).
The principal quantitative tool used by all student participants is open source computing. Freely downloadable Python software packages are available to digitize data using standard A/D boards (PyUniversalLibrary [50]), to enable real time collection and analysis of uncompressed digital images from a variety of sources (motmot [58] ), and to generate a wide range of visual stimuli for laboratory research (VisionEgg [57] ). Of course many of the software packages for the analysis of differential equations are also freely down loadable from the Internet, for example, XPPAUT [17] ). As these resources become more and more accessible it becomes possible to teach differential equations in a laboratory setting. In our experiences, the "light goes on" when a student realizes that the solution of a differential equation predicts the movements measured using a motion capture system and that this whole exercise was performed on their own laptop. Even students with little background in mathematics were able to develop programming skills sufficient to collect and analyze data. The advantage on our emphasis on computing skills for all was that the computer monitor became the focal point of team discussions, particularly when model was compared to observation.
Faculty involvement
During the first four years the goal was to develop a strong experimental program in motion science with a focus on balance control and falling in the elderly. This effort was facilitated by the fact that one of the authors (JM) is both experimentalist and modeler. Subsequently, faculty from mathematics and biology were attracted to the program because of the nature of the questions being asked and the possibility of using motion capture cameras to answer questions applicable to their own research. Thus, for example, AR participates through her interest in nonlinear dynamics and scale-free systems, TO because of his interest in delayed stochastic processes, and WO because of his interest in the development of dimension reduction techniques.
Program evaluation
The focus of our program is on team performance and the deliverable is a publication in the form of a senior theses and/or a peer-reviewed publication. In this way the team projects take on a very real world flavor. To date there have been 36 senior thesis and five peerreviewed publications [36, 38, 39, 41, 42] . Of the graduated students, 7 are pursuing careers related to computational science and 16 are pursuing clinical careers related to movement science (doctor of physical therapy, oriental medicine, orthopedics, and podiatry). However, by far the most compelling and exciting aspect of our program has been the ability of the student-faculty teams to generate novel insights into human balance control. Thus in the next section we describe three projects so that the reader can appreciate what motivated undergraduate students can produce when given the opportunity.
Research projects
The stabilization of an inverted pendulum plays a central role in discussions of balance control [62] and locomotion [25] . The dynamics of a frictionless inverted pendulum (Figure 1 ) are described by the differential equation [4, 48] 
where θ is the vertical displacement angle (θ = 0 is the inverted, upright position), is the length of the stick and g is the acceleration due to gravity. The upright position is an unstable saddle point and hence even the slightest deviation from vertical causes the pendulum to fall over. The question is, How is the inverted pendulum stabilized in the upright position? attracts the interest of biologists given the impending epidemic of falling the elderly. In other words if we write (3.1) asθ
then what choice of the feedback, F , best explains the experimental observations? In (3.2) we have written F control (t − τ ) to emphasize that neural feedback mechanisms for balance control are time-delayed where τ is the time delay [12, 27, 37, 55] . The fundamental nature of the control problem can be appreciated by regarding the relative movements of variables related to the center of mass (COM) as the controlled variable (for real stick balancing the position of the the tip of the stick or its mid-point) and variables related to the center of pressure (COP) as the controller [37, 62] (for stick balancing the position of fingertip). Viewed from this perspective the movements of the balanced stick are controlled by the relative positions of COM and COP: in 1-D as the COP moves to the right of the COM, the COM moves left, and vice versa. Figure 2 demonstrates that in a variety of human balance tasks there is an oscillatory relationship between COM and COP. Motion capture studies have pointed to the complexity of balance control. In particular, the corrective movements for both stick balancing [9] and human postural sway [3, 6, 29, 30] are made intermittently. In the case of stick balancing at the fingertip [9, 10, 14] a variety of power law behaviors have been identified, including intermittency and Lévy flights. Recently emphasized extensions to (3.2) include the introduction of a sensory "dead zone" to account for the fact that very small changes in θ cannot be detected by the nervous system, the inclusion of terms related toθ andθ into F [28] , the inclusion of two time delays into F [8] , the assumption that F is a discontinuous function of θ [18, 36] , the possibility that F reflects an element of predictive control [33] and the possibility that the presence of power laws reflect, at least in part, the presence of an underlying optimal control mechanism [19, 46] . The fact that F is not yet determined served as an incentive for the student-faculty research teams: they could be the ones who first figure it out! 3.1. Balancing with vibration: "Drift and act" It is well known that an inverted pendulum can be stabilized by vibrating the pivot point in a vertical direction using frequencies, f , that exceed
where a is the peak-to-peak amplitude [1, 48] . The explanation for this phenomenon can be understood from the stability analysis of Mathieu's equation [37] , and d) human postural sway [62] . D(x(t), y(t)) = x 2 (t) + y 2 (t) is the length of the position vector measured at time t from a common reference point [36] , supplied, respectively, by the Qualisys motion capture system and the computer program. In c) the amplitude is measured as the voltage output of the potentiometers used to measure the angular displacement of the stick and the position of the cart. In d) the position is given as the displacement of the center of mass and the center of pressure from a centrally located reference point.
where α, β are constants. By comparing equations (3.1) and (3.3) we see that the effects of vibration enter through a parameter and hence this effect is an example of stabilization due to parametric excitation. Often overlooked is the fact that a necessary condition for stabilization is that the downward acceleration of the pendulum must at some point exceed that of gravity [48] . In other words the pendulum must be physically attached to the pivot point. The student team (project onset 2007 involving 6 students to date: one dance-neuroscience major, one human biology major, one mathematics major, and three neuroscience majors) asked, Does vertical vibration of the fingertip have an effect on stick balancing even though the stick is not physically attached? Surprisingly the answer is yes when the upright position is controlled by time-delayed feedback [22, 36, 39] ! Figures 3a and c show that introducing vertical vibration at the fingertip using a whole-body vibrator has a stabilizing effect on stick balancing, namely, the distribution of the fluctuations in the position of the fingertip narrows. Moreover, the average stick balancing time determined from multiple trials (typi- Figure 3 : Effects of vibration on two human balancing tasks. The left column compares the effect of c) whole body vibration to a) no vibration on the medial-lateral (x-axis) and anterior-posterior (y-axis) position of the fingertip tip during stick balancing [36] . The right column compares the effect of d) low amplitude vibration of bilateral Achilles tendons to b) no vibration on the position of the center of pressure measured during quiet standing using a force platform [39] . Here the x-axis is the medial-lateral component of the COP and the y-axis is the anterior-posterior component of the COP.
cally ≥ 25) is longer with vibration [36] . A sharpening in the distribution of the fluctuations in the COP is also seen for postural sway during quiet standing when the Achilles' tendons are subjected to low frequency, low amplitude periodic vibration (Figures 3b and d) . These observations support the concept that human balance control is maintained by a simple "drift and act" mechanism [21, 35, 36, 37, 38, 53] . This mechanism proposes that the basin of attraction for the stabilized upright position is small enough so that escapes ("falls") are possible [54, 63] . Inside the basin of attraction trajectories "drift"; and corrective actions are taken only when trajectories leave the basin of attraction. Consequently any strategy that decreases the amplitude of the fluctuations in θ will have a stabilizing effect since they decrease the probability that the trajectory escapes the basin of attraction.
The main features of these observations can be qualitatively captured by a simple model which incorporates an unstable equilibrium point, a time-delayed switch-type controller and parametric periodic excitation [36, 39] 
where k is a constant, f is the frequency, τ is the time delay, and
where a > 0 > b and θ > 0. Equation (3.4) describes a "drift and act" controller: corrective actions ('act') are taken only when x(t − τ ) > θ. Numerical simulations indicate that there is a range of parameters (e.g. Figure 4 ) for which a stable limit cycle exists when k = 0 and when k = 0. In particular there is a decrease in the amplitude of the solution (greatest at f = 2) and a decrease in the mean value of x. The thicker line in Figure 4a arises because the waveform becomes more complex in the presence of periodic forcing.
Balance in virtual environments
The student team (project onset 2008 involving 5 students to date: one human biology major, three neuroscience majors, and one mathematics major) asked whether the development of virtual balancing tasks that involve the interplay between a human and a computer could be used to investigate the nature of the neural control mechanisms [7, 11, 33, 46, 42] . The availability of open source software packages such as VisionEgg [57] , a high level interface between Python and OpenGL, makes it possible for students to create a virtual stick balancing task. In this visuomotor tracking task the movements of the computer mouse are Step 50 used to keep a target on the computer screen whose motions are governed by a parabolic potential centered at the mouse position [7, 11, 46, 42] . The advantage of this paradigm is that key parameters can be manipulated experimentally. Figure 5a shows that the relative movements of mouse and target for a skilled virtual stick balancer (mean survival time for 25 trials ∼ 1−2min) have the characteristics of pursuit and escape. Initially the movements of the fingertip pursue those of the stick's tip (hence we refer to this phase as pursuit); however, at some point the excursion of the position of the fingertip sufficiently passes that of the stick's tip. This causes the movement of the stick's tip to change direction (hence we refer to this phase as escape). After a lag, the movements of the fingertip again pursue those of the stick's tip. Consequently, for skilled subjects there is an oscillatory appearance of recurring, stereotyped pursuits and escapes. Although pursuitescape tasks have attracted mathematical interest for 2500 years [43] , the effects of reaction times on them have only recently begun to attract attention [23, 59] .
Visuomotor tracking tasks are studied by neuroscientists in order to investigate the possibility that the nervous systems employs feedforward, or predictive, control strategies to control complex voluntary movements [33] . However, recent observations suggest that determining a predictive component for control in the presence of noise and delay may be problematic [35, 56, 61] . The goal of the student projects is to determine the extent to which the observed dynamics of virtual stick balancing can be accounted for by a noisy, time-delayed feedback control mechanism. Presumably the observed dynamics which cannot be accounted for in this manner are those under feedforward control.
As a starting point we use random walks to model stochastic control in the presence of time delays [45] . In order to illustrate this approach, consider a 1-D discrete delayed pursuit approximation to the process shown in Figure 5a . Define X as the displacement, √ x 2 + y 2 , from a common reference, where x, y are the spatial coordinates of the mouse (variables related to the mouse are denoted by subscript m) and the target (related variables denoted by subscript T ). If we assume that the movements of the mouse are influenced by the target but not vice versa, then the movements of the target can be modeled as a simple symmetrical random walk whose transition probability is governed by
where P T (n, t) is the probability that the target is at position X T (t) = n at time step t. The movements of the mouse are given by a delayed random walk whose transition probabilities are biased towards the target. For a delayed random walk the transition probability at the n-th step depends on the position of the walker τ steps before [45] and
where β is a constant chosen such that 0
Consequently f, g are quadratic-like functions that describe, respectively, the transition probability for the walker to move in the negative or positive direction [45] . When τ = 0, the mouse is biased to step towards the target. However, when τ = 0 the situation becomes complicated since, for example, it can happen that the mouse can be transiently biased away from the target. Numerical simulations indicate that the oscillatory nature of the pursuit-escape task observed for human subjects (Figure 5a ) can be reproduced in the model (Figure 5b ) by increasing β [42] .
The STICKPERSON project
With advances in technology, biological data sets are rapidly becoming very large. Thus it is essential that students in bio-mathematics be exposed to questions related to how best to represent large data sets, to how best mine large data sets for useful information, and to how best visualize this information. The STICKPERSON project introduces these concepts to students through investigations of the relationship between body posture and balance. The motivation comes from the impending epidemic of falling in aging Western societies. How is the risk of falling for a given subject to be estimated without causing the person to fall? The condition for balance is that the center of gravity of the body falls within its base of support [62] . However, not all balanced postures are equivalent with respect to their ability to enable efficient corrective responses to fall-threatening perturbations [54, 63] . The student team (project onset 2008 involving 8 students to date: one dance-neuroscience dual major, two human biology majors, two neuroscience majors, two oriental medicine, and one mathematics major) asked, Since postural changes occur with aging (compare the postures on the left hand side of Figure 6 ) are they the cause of increased risk of falling? This hypothesis implies that postural corrections would minimize the risk of falling. The computational challenge is to understand the responses to perturbations of a spatially distributed and aging musculoskeletal system which evolves in a high-dimensional space. For example, using high speed motion capture techniques to monitor the movements of eleven markers attached to the body (head (1), shoulders (2), hips (2), knees (2), ankles (2) and feet (2)) results in a 33-dimensional space. An important first step is the development of simple, but effective methods for visualizing changes in postural sway based on either linear [47] or nonlinear [15, 26] dimension reduction procedures.
We illustrate our visualization strategy using a linear dimension reduction procedure, namely principal component analysis (PCA). PCA generates a set of orthonormal vectors in R 33 that acts as a basis for the centered data set, ordered in terms of decreasing variance: e.g., the first basis vector (or principal component vector) spans the dimension along which the motion data has the greatest variance, the second the dimension of next-highest variance, etc. The principal component vectors span the changes in marker positions that occur over the monitoring period. In order to interpret the contribution made by each vector, we added scaled multiples of these vectors to their mean position and graphically represented these combinations using a stick person whose coordinates are related to the body markers. Figure 6 shows the effects of a change in posture for a healthy young subject on the first principal component using this scaling visualization approach. The subject was first asked to stand in neutral alignment and then to adopt the slouched posture of an elder subject. By comparing the top and bottom rows of Figure 6 it can be seen that the slouched posture rotates the first principal component vector. A detailed analysis of the changes in the principal components as posture is altered in young healthy and old healthy subjects will be presented elsewhere. The implementation of nonlinear dimension reduction methods, such as diffusion maps [26] and Isomap [15] , can capture nonlinear components of the motion and is well within the grasp of undergraduates.
Discussion
The development of programs for introducing undergraduate students into bio-mathematical research is easiest when modeling efforts are connected to ongoing research at the same institution. In our case we have taken advantage of new technology to create an experimental laboratory for the purpose of bio-mathematical research on balance control and movement. However, there is no reason why programs similar to ours cannot be developed at other institutions by taking advantage of their existing research strengths. The key point is the development of interdisciplinary teams that include both students and faculty. In this way it is possible for young biologists to observe first hand the role of modeling in their research and for budding bio-mathematicians to appreciate how to obtain good data and formulate biological meaningful problems in terms of a mathematical model.
Science education programs are increasingly designed to enable students to learn by doing, rather than by listening. The success rate of these programs becomes particularly high when projects are relevant to student interests and the skills are readily transferable to other problem settings. The use of such experiences allows students to discover for themselves the importance of differential equations for problems that attract their interest: the hope is that once the hook has been set, students will continue to pursue this subject in other areas of science and mathematics. The importance of this hands on introduction to the inter-relationships between science and mathematics cannot be over-emphasized. A motion science program accomplishes these goals in a way that is fun for students and mentors alike!
